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The photonic analogue of the graded heterostructure:
Analysis using the envelope approximation
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Abstract. We develop and deploy an envelope function formalism in order to study graded photonic
crystals – periodic photonic media whose features vary continuously with position. We use the method to
reduce the properties of the uniform crystals to the spectral position of their band edges and an eﬀective
mass-like term. These are employed within the Schrödinger-like equation derived herein to determine the
behaviour of light inside a speciﬁc graded photonic crystal created using depth-dependent inﬁltration of an
artiﬁcial opal.
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1. Introduction
The analogy between wave behaviour in electronic and photonic crystals has
proven instructive, inspirational, and imperfect.
Much less explored to date is an analogy in photonics with the revolution
in electronics enabled by demonstration of heteroepitaxial fabrication
methods. The concatenation of electronic crystals – be they lattice-matched,
strained, or dislocated – has led to the embodiment of complex functionality
inside a single electronic device. Electronic functional devices exploit engineering of the quantum mechanical behaviour of charge carriers through
controlled variation of the local band structure. Resonant tunnelling diodes
and transistors, in which high speed, negative diﬀerential resistance, and
multistable memory functions are exhibited, epitomize this principle of
transforming novel physics into useful function.
One important aspect of electronic band structure engineering is the realization of graded heterostructures, in which the composition is varied
continuously in space. Electronic and optoelectronic devices which exploit
these eﬀects include, to date: graded-base heterostructure bipolar transistors
which promote the egress of carriers through the base; graded separate
conﬁnement heterostructure laser active regions which not only conﬁne light
to the quantum wells, but may also promote transport within the active
region and increase device bandwidth (Marcinkevicius et al. 1995); graded
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p–n junction solar cells with increased conversion eﬃciency (Sinkkonen
1994); superlattice graded band gap photodiodes with increased bandwidth
(Yih et al. 1995); delta-doped graded heterostructures in which regions of
doping are separated from regions of conduction for reduced carrier scattering (Li et al. 1999).
The importance of semiconductor compositional grading extends beyond
the realm of deliberate band structure engineering. Real bulk crystals exhibit
slowly varying strain ﬂuctuations across their spatial extent. Amorphous
semiconductors may employ spatially varying densities of states (Furlan
et al. 1993). Ohmic contact formation between metallic alloys and semiconductors has been described in terms of eﬀective band structure grading
(Wuyts et al. 1992).
Thus, compositional grading is of critical importance to the operation and
understanding of contemporary electronics. Its importance extends from
functionally complex band structure-engineered devices to simple material
interfaces and even nominally bulk media.
In response, we have adopted the view that analogous phenomena in
photonic crystals may be of similar importance in transforming the novel
physics of the photonic band gap into useful, novel function.
Photonic crystal heterostructures have been recently introduced as a means
to create functional devices using photonic crystals (Istrate and Sargent
2000a, E. Istrate and E. H. Sargent, submitted; Yano et al. 2000). The
analysis and simulation of such photonic structures is more diﬃcult than that
of uniform, or bulk, photonic crystals, due to the fact that the inﬁnite periodicity of the sample may no longer be exploited. An alternative method for
the analytical computation of the behaviour of such structures was proposed
(E. Istrate and E. H. Sargent, submitted), which simpliﬁes this problem
signiﬁcantly.
Graded – or chirped – photonic crystals are a special case of a photonic
crystal junction, where the properties of the crystal vary smoothly over a
signiﬁcant number of photonic crystal layers, as compared to the abrupt
variation of the heterostructures discussed so far. They can appear accidentally in the fabrication of photonic crystals by inﬁltration (Blanco et al.
2000) if the inﬁltration process is not completely uniform over the entire
volume of the sample. Diﬀerent levels of inﬁltration translate into diﬀerent
average refractive indices and hence diﬀerent band structures. Graded
structures can also appear during the holographic fabrication of photonic
crystals by interference of four laser beams (Campbell et al. 2000). In such a
structure attenuation of the beams as they traverse the photoresist may
produce a non-uniform, graded sample. A good understanding of the behaviour of graded photonic crystals is therefore essential when evaluating the
quality of inﬁltrated photonic crystals as well as for crystals produced holographically.
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In this paper the use of the envelope approximation (E. Istrate and E. H.
Sargent, submitted) with graded, slowly varying, photonic crystals is discussed. The work is analogous with the analysis of semiconductor electronic
heterostructures and graded junctions (Weisbuch and Vinter 1991; Chow and
Koch 1999).

2. Theory
A graded photonic crystal junction, like any photonic crystal heterostructure
displays variations on two length scales. The ﬁrst is the periodicity of the
underlying photonic crystal, called the bulk crystal in the present work. The
second variation is due to the grading of the structure and is a much slower
variation. For the inverted opals with varying inﬁltration this could take the
form of an increasing average index.
The envelope approximation presented herein separates the eﬀects of the
variations on these two scales and allows analysis to take place in two steps.
First, knowledge of the band structure of the bulk crystals forming the
junction is used to obtain a parameter that will describe the eﬀects of the fast
variation due to the crystal periodicity. This is similar to the eﬀective mass
used with semiconductor heterojunctions. Given knowledge of this parameter, the analysis can concentrate on the eﬀects of the slower variation due
to the graded junction. The photonic crystal is treated as a quasi-homogeneous medium described by the eﬀective mass-like term. The approach is not
unlike the successful deployment of continuous-matter approximations (e.g.
hydrodynamic models) in the analysis of fundamentally discrete media
composed of individual atoms.
The separation of the two length scales starts by dividing the dielectric
constant of the structure into a slowly varying, a quickly varying, and a
constant component:
 ¼ b þ s ðrÞ þ f ðrÞ ¼ b þ v ðrÞ;

ð1Þ

where v represents the spatially varying component of the dielectric proﬁle.
This is included in the wave equation to obtain:
fr2 þ x2k l½b þ v ðrÞ

rðr ÞgEk ¼ 0:

ð2Þ

Here k represents the state of the electric ﬁeld in the graded junction.
Assuming that the crystal grading is much slower than the photonic crystal
periodicity, we can express the electric ﬁeld as a superposition of bulk Bloch
modes En;k ¼ un;k expðik rÞ. The Bloch functions can in turn be expressed
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in terms of the band-edge Bloch functions un;0 , with k ¼ 0. Using
hum;0 jun;k i , hmjn; ki, we obtain:
Ek ¼

X

um;0 ðrÞ expðik rÞhEn;k jEk ihmjn; ki ¼

m;n;k

X

expðik rÞWk;m;k um;0 ðrÞ;

m;k

ð3Þ
P
with Wk;m;k , n hmjn; kihEn;k jEk i. This expression for the electric ﬁeld can
now be used in the wave equation which takes the form:
X
Wk;m;k fr2 þ x2k l½b þ v ðrÞ rðr Þg expðik rÞum;0 ðrÞ ¼ 0:
ð4Þ
m;k

This equation can be expanded into the form:



X
o
o
o
2
Wk;m;k expðik rÞ k þ 2i kx þ ky þ kz
ox
oy
oz
m;k
ikðr Þ þ ðx2k

x2m Þlf ðrÞ þ ðx2k

irðk Þ þ kðk Þ

2
2
xm Þlb þ xk ls ðrÞ um ðrÞ ¼ 0: ð5Þ

Here um represents the Bloch function um;0 at the band edge and xm represents the photon frequency at this edge.
The envelope approximation separates the two length scales of the photonic crystal periodicity and of the junction variations. This is expressed
mathematically by separating the position vector r into the two components
r ¼ R þ q. R represents the position of each unit cell within the crystal, while
q represents the positions inside the unit cell. Hence q is used to represent the
rapid variations of the photonic crystal, while R is used to measure the much
slower variations in the junction.
Equation (5) is solved by multiplying by expð ik0 rÞun ðrÞ and integrating
over the volume of the crystal. The result, after reversing the variables k and
k0 is:
X
½ðx2k x2n Þlb k 2 Wk;n;k þ
2ikp;n;m ipk;n;m þ qn;m ipn;m
m
X

x2k lsk0 k Wk;n;k0 ¼ 0:
ð6Þ
þ ðx2k x2m Þlf ;n;m Wk;m;k
k0

The expression above contains the approximation that s varies slowly enough that it can be taken to be constant in each unit cell. The new terms
introduced in this equation are deﬁned as:
X Z
o
um ;
kl d3 qun
ð7Þ
kp;n;m ,
ol
l¼x;y;z
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Z
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Z
qn;m ,

221

d3 qun rðk um Þ;

ð8Þ

d3 qun kðr um Þ;

ð9Þ

d3 qðun kÞðk um Þ;

ð10Þ

Z

d3 qum ðrÞum ;
X
expðiðk k0 RÞs ðRÞ:
sk k0 ,

ð11Þ

f ;n;m ,

ð12Þ

R

In order to compue the electric ﬁeld state for a speciﬁc band, n, described by
the superposition of Bloch states Wk;n;k , we make the approximation that all
other (remote) bands j 6¼ n do not couple with each other. We also neglect s
and f ;n;m for this remote band coupling and use k 2 ¼ x2 l to approximate
k 2  ðxk x2n Þlb to compute the electric ﬁeld state of the remote bands:
Wk;j;k ¼ Wk;n;k

2ikp;j;n

ipk;j;n þ qj;n
ðx2j x2n Þlb

ipj;n

ð13Þ

:

This result is used for the bands Wk;m;k in Equation (6):
(

 X 2ikp;m;n ipk;m;n þ qm;n
Wk;n;k ðx2k x2n Þlb k 2 þ
ðx2m x2n Þlb
m6¼n


 2ikp;n;m ipk;n;m þ qn;m
X
x2k lsk0 k Wk;n;k0 ¼ 0:
þ

ipn;m þ

ðx2k

ipm;n

x2m Þlf ;n;m



)

ð14Þ

k0

For semiconductors the large term in braces in the equation above is used to
deﬁne an eﬀective mass which characterizes each particular region of semiconductor in a heterostructure (Chow and Koch 1999). Here we proceed in a
similar fashion by deﬁning an eﬀective mass-like term:
1
m ,

X 2ikp;m;n
m6¼n


 2ikp;n;m

ipk;m;n þ qm;n
2
k ðx2m x2n Þlb

ipk;n;m þ qn;m

ipm;n

ipn;m þ ðx2k


x2m Þlf ;n;m :

ð15Þ

Using this deﬁnition, we now take the Fourier transform of the wave
equation, Equation (14). This is done by multiplying by expðik RÞ and integrating over d3 k. We then employ the deﬁnition:
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X

ð16Þ

expðik rÞ Wk;n;k ;

k

to obtain the ﬁnal equation:
 2

r
2
þ xk ls ðRÞ Wk;n ðRÞ ¼
m

ðx2k

x2n Þlb Wk;n ðRÞ:

ð17Þ

The above equation is very similar to the starting wave equation, Equation (2), with two important diﬀerences. First of all, the equation has no
direct reference to the dielectric proﬁle of the photonic crystal, f . There is
also no reference to the position variable q describing positions within the
unit cells of the crystal. The only position variable used here is R which only
describes the positions of the individual lattice cells, and is used to characterize the slower variations due to the junctions, s . The second diﬀerence
between the above equation and the starting equation is the appearance of
the eﬀective mass, m . This parameter contains information about the underlying photonic crystal.
Equation (17) is very similar in shape to the Schrödinger equation of a
particle in a quantum mechanical system. In fact, techniques and solutions
developed for quantum mechanical particles may be applied directly for its
solution. As was shown successfully in (E. Istrate and E. H. Sargent, submitted), both quantum wells (Yano et al. 2000) and superlattices (Istrate and
Sargent 2000a) can be analysed with great precision using the equations
developed for the study of semiconductors (Bastard 1988).

3. Application to the study of graded junctions
The envelope approximation allows the analysis of photonic crystal junctions
using a two-step approach. In the ﬁrst step the eﬀective mass is computed for
all photonic crystals in the junction. This only requires knowledge of the bulk
properties of the photonic crystals, which are well known. Needed in particular are the band-edge frequencies of the crystals as well as the electromagnetic modes at these edges. These parameters are used in Equation (15)
to compute the eﬀective mass. The second step is to solve the envelope
Equation (17), for which again many techniques are available, both analytical and numerical. The result of this calculation is either a real-valued wave
vector, indicating that waves can propagate through the structure, or a
complex decay constant, describing waves in the stop-band of the structure
which are rejected.
The two-step approach described above is also applicable for graded
junctions. The only complication added is due to the fact that we do not have
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a ﬁnite number of bulk crystals forming the junctions. Instead, the properties
of the crystal vary continuously with position in the junction, which produces
a continuously varying eﬀective mass. Such an eﬀective mass cannot be
calculated directly by the method described above, since we do not have a
uniform crystal from which to compute the band structure and eigenmodes
required. We can solve this problem by approximating the graded crystal by
a sequence of junctions between narrow, uniform layers of photonic crystals.
Eﬀective masses are computed for all of these crystals. The true eﬀective mass
proﬁle for the graded crystal is then obtained by interpolation from this set of
eﬀective masses.
4. Example calculation
To illustrate the technique described in the previous sections, we report the
analysis of a graded photonic crystal obtained by non-uniform inﬁltration of
a high-index material. For simplicity, the method is described in onedimension, but is fully deployable in 3D structures.
The proﬁle of the structure is shown in Fig. 1. It is assumed that inﬁltration was stronger near the edges of the sample, whereas little material was
inﬁltrated in the centre. The structure is 25 lm long with lattice period
500 nm. Its refractive index varies between 1 and 2. It is assumed that the
cells near the edges are 80% full of the high-index material, while at the
centre, they are 50% full. The variation in the ﬁll ratio is assumed to vary
linearly.
The structure is split into 13 slices and the envelope approximation is
applied to each one. The results are tabulated in Table 1. The proﬁle of the
eﬀective mass is shown in Fig. 2.
As a result of the varying properties of the graded junction, the band edges
also move. The position of the ﬁrst two k ¼ 0 band edges is computed and
displayed in Fig. 3. The area between these two edges forms a stop band,
which is indicated in this ﬁgure by the shading.
The eﬀective mass proﬁle, together with the shape of the band edges, give a
complete description of our graded junction, enabling us to analyse the behaviour of light entering it. It is readily seen that the band gap proﬁle in

Fig. 1. Dielectric proﬁle of example graded crystal.
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Table 1. Results of the simulation
Position (lm)

a (nm)

b (nm)

m*

0
2.08
4.17
6.25
8.33
10.42
12.5

100
125
150
175
200
225
250

400
375
350
325
300
275
250

)0.0227
)0.0293
)0.0361
)0.0429
)0.0477
)0.0532
)0.0534

Only results for the ﬁrst half of the structure are shown, since the other half is symmetrical with the ﬁrst.

Fig. 2. Variation of the eﬀective mass with position in the sample.

Fig. 3 forms a well that could conﬁne light resonantly, in a manner similar to
a quantum mechanical well.
The eigenstates of this photonic well are readily computed just as bound
states of a semiconductor heterojunction are obtained. The equation governing the behaviour of light in this junction is obtained from Equation (17):

1 o2 
Wk;n ðxÞ ¼

2
m ox

 2
xk


x21 ðxÞ lb Wk;n ðxÞ

ð18Þ

This equation can be solved numerically using the eﬀective mass and bandedge proﬁles. For our example structure we have found a state that satisﬁes
the boundary condition requirement of zero amplitude as x ! 1. Such a
state was found for a wavelength of 0:859 lm. The position of the bound
state and its shape are shown in Fig. 3.
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Fig. 3. Band edges and the resonant state in the sample. The shaded area represents the band gap. The
thick line gives the resonant wavelength, the dashed line shows the shape of the resonant state.

5. Conclusions
The envelope approximation was shown to be an essential tool for analysing
semiconductor heterojunctions. We have applied the same concept to photonic crystal graded junctions. These are crystals whose parameters vary
slowly with position. This variation makes graded junctions non-periodic,
which means that the standard methods for the analysis of bulk crystals
cannot be applied any more.
In the method developed herein, the bulk crystals forming the junction are
ﬁrst used to obtain an eﬀective mass. The photonic crystals may then be
treated as quasi-homogeneous materials which are analysed using the standard methods developed for quantum mechanics.
Using this approximation, it was shown that graded photonic crystal
junctions are easily analysed. In our example structure we have found the
wavelength at which light will be conﬁned resonantly in the fundamental
mode of the structure.
Although graded crystals can appear naturally during the fabrication of
normal crystals through inﬁltration or holography, they can also be fabricated in such a way as to exploit their useful properties. For this, gradings
could be made by non-uniform inﬁltration, as above, or by sedimentation of
colloidal crystals, in a way similar to the one described in (Kumacheva et al.
1999), by starting with a suspension of non-uniform spheres, and achieving
mass-dependent order of sedimentation.
A good understanding of graded photonic crystals is essential for the engineering of functional devices based on photonic crystals. By choosing the
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Fig. 4. Possible application of graded photonic crystal junctions, representing an input coupler, a resonant well and an output coupler.

correct grading proﬁle, equally spaced states in a photonic crystal quantum
well can be achieved, in a similar way to the equal spacing displayed by
parabolic semiconductor quantum wells (quantum harmonic oscillators).
Graded photonic crystals can also facilitate the input and output of light
from photonic crystal-based devices, in a manner similar to the formation of
ohmic contacts. In such a way, light could be input in a region of the crystal
where propagation is permitted at the wavelength of interest. A grading in
the crystal is then used to bring light into a region where the light can be
inﬂuenced by the crystal. Since the grading is smooth, the transitions can be
achieved without reﬂections due to discontinuities, as illustrated in Fig. 4. In
this way, photonic crystal gradings could also be used as anti-reﬂection regions.
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